A topological phase can often be represented by a corresponding wavefunction (exact eigenstate of a model Hamiltonian) that has a higher underlying symmetry than necessary. When the symmetry is explicitly broken in the Hamiltonian, the model wavefunction fails to account for the change due to the lack of a variational parameter. Here we exemplify the case by an integer quantum Hall system with anisotropic interaction. We show that the single-mode approximation can introduce a variational parameter for a better description of the ground state, which is consistent with the recently proposed geometric description of the quantum Hall phases.
I. INTRODUCTION
The integer quantum Hall (IQH) effect is now regarded as a simple class of topological insulators with broken timereversal symmetry. A system in such a phase has invariant properties of its ground state wavefunction under smooth deformations of the Hamiltonian. This, of course, does not mean that the ground state wavefunction itself is invariant. For convenience, we often choose to study the system with continuous symmetries in translation and/or rotation in which the ground state wavefunction is relatively simple, although these symmetries are unnecessary for the study of the topological properties. In fact, such a choice can sometimes hide important physics.
Consider an IQH system in the disk geometry with rotational symmetry. Electrons in a polarized lowest Landau level (LLL) fill up ring-shaped orbitals φ m (z) = z m e −|z| 2 /4 , where z = x + iy is the complex coordinate on the plane. The trivial many-body ground state is the Slater determinant of the orbitals with the lowest possible m
which is the well known Vandermonde determinant multiplied by the ubiquitous Gaussian factor. The wavefunction, which vanishes when two electrons coincide with each other, manifests the Pauli exclusion principle. The trivial many-body state is known to be the ground state even in the presence of interaction. This prompts some interesting questions. Can effects of interaction be explicitly manifested in the robust IQH state? If yes, how do they modify the ground state wavefunction variationally? These questions can be likewise asked for the fractional quantum Hall (FQH) states, which have been explored in recent experiments using tilted magnetic fields. 1, 2 In fact, such attempts have been made recently in the context of the geometric description of FQH states, 3, 4 which can be applied straightforwardly to the IQH counterpart.
To construct a variational wavefunction for correlated systems from its noninteracting counterpart is a long-standing problem. 5 Suppose we decompose a many-body Hamiltonian to be H = H 0 + H 1 . We assume that we know the ground state |Φ 0 of H 0 , which describes, for the present discussion, the noninteracting part of the total Hamiltonian. H 1 describes the interparticle interaction. How can the ground state wavefunction be variationally constructed? Within the single-mode approximation, which replaces the effect of H 1 by a single, mean excitation energy ω 0 , we can write down an ansatz wavefunction |Ψ 0 = e −H1/ω0 |Φ 0 for the ground state of H. 5 Here, ω 0 can be tuned as a variational parameter to minimize the ground state energy. A well-known example is the Gutzwiller's wavefunction, 6 which accounts for the electron correlation in the on-site Hubbard model. An improved independent-mode approximation can lead to Jastrow's ansatz for a trial ground-state wavefunction
where the Jastrow function f (r − r ′ ) is determined by energy minimization. 5 According to the single-and independent-mode approximations, the Jastrow function for the IQH state simply vanishes despite the interparticle interaction. This opinion, of course, is counterintuitive hence oversimplified, especially in the case with anisotropic interaction or mass tensor, as was already discussed by Haldane 3 in the FQH context recently. In this article we take an empirical approach to decipher the IQH ground-state wavefunction from numerical diagonalization of a microscopic system with dipole-dipole interaction. We find that in the IQH regime the realistic ground state can be written as the isotropic IQH ground state multiplied by a sum of a few polynomials, which can be cast in an exponential form much like the Jastrow factor in Eq. (2). The Jastrow factor can be understood as arising, in the single-mode approximation, from an anisotropic quadrupolar interaction. Up to a center-of-mass contribution suppressed by the one-body potential, we show that the wavefunction is consistent with the Bogoliubov transformation of the guiding center coordinates in the isotropic wavefunction. The paper is organized as follows. We introduce our model on quantum Hall systems with dipole-dipole interaction in Sec. II. In Sec. III we analyze the structure of the ground state wavefuntion and discuss the regime where it can be understood as a single-mode approximation. We discuss the connection of our findings to recent works on the geometric description on quantum Hall states in
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Here m
is the associated Laguerre polynomial, and E(x) = √ πxe The details of the potential physical realization of the Hamiltonian were explained in Ref. 11 . The isotropic confining potential strength α can be tuned by the rotation frequency and the tilt angle θ by applied electric and magnetic field. We explore, by exact diagonalization, the N -particle ground state and compute its mean total angular momentum (in units of )
where Ψ (N ) (α, θ) denotes the ground state wave function for given parameters α and θ.
As illustrated in Fig. 1 , with isotropic dipole-dipole interaction in the plane of motion, i.e. for θ = 0
• , the total angular moment is a good quantum number and can be matched to that of the IQH state M 0 = N (N − 1)/2 for α > 0.085 and M L = 3N (N − 1)/2 the ν = 1/3 Laughlin state for α < 0.018. Note that we only show α > 0.01 to avoid the unwanted complication due to weak confinement and finite system size. As θ increases, the rotational symmetry is explicitly broken and M increases from M 0 to reflect the anisotropy of the interaction. We identify the extended blue region to the up and right of the curved orange dashed line in Fig. 1 to be the anisotropic IQH phase with M = M 0 + O(1), which has the maximum density in the interior of the oval-shaped droplet. 11 The introduction of interaction anisotropy breaks the rotational symmetry otherwise present in the disk geometry. This means that we cannot diagonalize the Hamiltonian in the momentum subspace, hence the calculations are restricted to rather small systems. But we have checked out results for N = 5-7 particles and we believe the results presented in the following sections are robust in even larger systems.
III. DECIPHER THE ANISOTROPIC GROUND-STATE WAVEFUNCTIONS
The isotropic IQH ground state (in a harmonic trap) is the maximum density droplet of electrons in the LLL. One expects that in the presence of small anisotropic interaction the IQH state can only be perturbed at the edge. Hence the anisotropic IQH state is expected to be the superposition of the isotropic IQH ground state and its edge states. In the following we will first describe the complete basis of edge states in the isotropic case, which will be used later to understand the ground-state wavefunctions in the anisotropic case.
A. A complete basis in terms of edge states in the isotropic case
Quantum Hall systems have gapless edge states. In the isotropic ν = 1 integer quantum Hall case the edge states are simply generated by a branch of chiral bosonic modes, which describe the deform of the incompressible quantum Hall droplet at the edge. In the simpler noninteracting case they are generated by electron-hole pair excitations. In terms of analytical wavefunctions they can be written down as the linear combinations of
with e 0 = 1 (7)
. . . This is a complete basis for antisymmetric electron wavefunctions, which vanish when z i → z j . The convention is when we refer to edge states we focus on those with excitation momentum ∆M = O(1), as oppose to bulk excitations with
To count the edge states, we can define a generation function
where N ∆M is the number of ways to partition ∆M , i.e., sets of n m such that
It is easy to see that the generation function is
The number of edge states for ∆M = 0, 1, 2, 3, 4, ... are simply 1, 1, 2, 3, 5, .... One should notice that the basis we introduced above is not orthogonal. For later numerical analysis it is convenient to introduce the Schur polynomial as an alternative basis. We start with the integer partition, N − 1, N − 2, ..., 0, of the ground-state total angular momentum M 0 = N (N − 1)/2. The ground-state wavefunction Φ 0 is simply the Slater determinant
multiplied by the ubiquitous Gaussian factor. Naturally, edge excitations are Slater determinants with corresponding partitions of M = M 0 + ∆M , and/or their linear combinations. Since different Slater determinants are different occupations of electron orbitals and hence orthogonal to each other, it is convenient to represent the edge states in terms of Schur polynomials (multiplied by the isotropic ground-state wavefunction). For any integer partition
For examples,
where we neglect the trailing zeros in the partition {d i }. This Schur polynomial basis is found to be most convenient later when we deal with wavefunction overlap and normalization.
B. Wavefunctions for the edge states in the isotropic case with dipole-dipole interaction (θ = 0)
Now we apply the Schur polynomial basis to analyze the isotropic (i.e. θ = 0) IQH ground state and its edge states. For illustration we plot the low-energy spectrum in Fig. 2 for N = 6 particles with isotropic dipole-dipole interaction and α = 0.1. The state at ∆M = 0 is the isotropic ground state Φ 0 , while the rest are the complete edge states up to ∆M = 6, as the countings in respective momentum sectors are 1, 1, 2, 3, 5, 7, 11 as expected. Bulk excitations are gapped by the Landau level (LL) spacing, assumed to be infinity in the single LL projection. For ∆M = 1 there is only one state and obviously
For ∆M = 2 we have two states, which should be linear combinations of S 2 Φ 0 and S 1,1 Φ 0 . One can see that the combinations
are the suitable choice, because the latter reduces the interaction energy by allowing higher-degree zeros when any two particles approach each other. One can thus identify the two states in the low-energy spectrum; in particular, the state Φ 2 2
is labeled in Fig. 2 for later purposes.
One can extend the analysis to higher momentum, which we will not continue here. But we should also highlight, in Fig. 2 , another edge state
whose excitation energy doubles that of Φ 2 2 , again for later purposes. The other four states in the same momentum sector are other orthogonal linear combinations of S 4 Φ 0 , S 3,1 Φ 0 , S 2,2 Φ 0 , S 2,1,1 Φ 0 , and S 1,1,1,1 Φ 0 . The highest level, e.g., can be identified as
These edge state model wavefunctions are known in earlier literature. For example, Φ 2 2 , as indicated in the low-lying energy levels for the corresponding isotropic interaction in Fig. 2 , is known to be the eigenstate of the projected isotropic interaction in the lowest Landau level. 12 On the other hand, Φ 2 4 is not necessarily an edge eigenstate for a generic interaction, but the overlap with such a state can be very close to one. For example, in an N = 6 system with isotropic dipole-dipole interaction, the overlap of the corresponding state with Φ , the latter can be understood as the corresponding two-boson excitation of the former. We also point out that these edge state wavefunctions are not normalized but their normalization can be straightforwardly worked out (see Appendix A).
C. Ground-state wavefunctions in the anisotropic case
We now turn to the anisotropic IQH ground state in a harmonic trap, which, for small anisotropy, should be perturbed from the isotropic state at the edge for energetic reasons. Therefore, the anisotropic IQH state is expected to be the superposition of the isotropic IQH ground state and its edge states. Not to be confused with the edge states for the anisotropic ground state, we may call those for the isotropic ground state, which have been discussed in the previous subsection, as isotropic edge states. The questions in the following are whether all isotropic edge states contribute, and, if not, how to describe the subset that contributes in a meaningful way.
First of all, due to the nature of the dipole-dipole interaction, only isotropic edge states with an angular momentum difference from the ground state by an integral multiple of 2 can be generated. Therefore, the leading correction must come from either Φ . This is not surprising, as Φ 1 2 is a center-of-mass excitation, which is suppressed by the edge confining potential in the disk geometry. On the other hand, Φ 2 2 distorts the otherwise circular droplet and gains energy from the anisotropic interaction.
We now focus on the regime with M − M 0 ≪ 1, in which these edge-state wavefunctions are sufficient for the analysis of anisotropic IQH states. We choose α = 0.1 (the top boundary in Fig. 1 ) and calculate the overlaps of the ground state Ψ (N ) (α, θ) with N = 6 obtained from exact diagonalization andΦ 0 ,Φ • the two curves agree very well and remain small, indicating that the ground state is dominated by Φ 0 , and the leading correction is Φ for the strong confinement α = 0.1, e.g., up to 99.996% at θ = 80
• . The overlaps of the ground state and other edge states of the isotropic counterpart are essentially zero. For convenience, we also list the values of the significant overlaps at selected angles θ in Table I . Therefore, we conclude that, as θ increases, the ground state deviates from Φ 0 to include contributions from Φ is much smaller than that with Φ 2 2 . The question that follows is whether the former can be related to the latter quantitatively. Given the general knowledge of trial wavefunctions for correlated systems, we attemped to fit the numerical wavefunction by
If this is a good trial wavefunction, we expect the N -particle ground-state wavefunction from exact diagonalization should follow (see proof in Appendix A)
For N = 6 the righthand side can be evaluated to be 0.0009, 0.0079, 0.0195, and 0.0275 for θ = 20
• , 40
• , 60
• , and 80
• , respectively. The calculated values are in good agreement with the tabulated ones in Table I . In Fig. 3(b) we further compare | Ψ (6) (α, θ)|Φ by a single parameter γ. In fact, the simplest way to visualize the trend of the parameter γ as a function of θ is to Fig. 3(c) for different system size N = 5-7. For practical purposes, it is worth pointing out that as the two-boson excitation Φ 2 4 amplitude is already small, the overlaps of the ground-state wavefunction with the three-boson excitation
and beyond are negligible (unless the edge confinement is too weak).
We next turn to the analysis of a sequence of state with increasing α but fixed θ = 70
• , in which case we can have M − M 0 ∼ 1. Figure 4 repeats the overlap analysis for various α at the fixed θ. In Table II we list the overlap values for selected α and, for illustration, the residual weight (up to the second order)
We find that Ψ (N ) (α, θ) is still, to a good approximation, composed of Φ 0 , Φ 2 2 , and Φ 2 4 . However, when the edge confinement is weak, higher-order terms may not be negligible and can contribute as much as 7% for α = 0.01 for N = 6, in which case the weights of Φ 0 and Φ 2 2 are comparable, as indicated in Fig. 4(a) . The deviation of 1−| Ψ (6) 24) and directly from the overlap calculation, as shown in Fig. 4(b) . Once again, the overlap ratio | Ψ (N ) (α, θ)|Φ 2 2 / Ψ (N ) (α, θ)|Φ 0 |, the measure of γ, show very weak size dependence even when the higher-order terms are needed, as plotted in Fig. 4(c) .
Thus, in this subsection, we have demonstrated that Eq. (22) is a suitable wavefunction to describe the anisotropic ground state in the IQH regime with dipole-dipole interaction. The decomposition of the anisotropic wavefunction into a sum of the isotropic edge-state wavefunctions allows us to further calculate various properties of the ground state, such as the expectation value of the total angular momentum (which is no longer an integer), as well as the edge Green's function. We will not pursue these straightforward calculations here, but fo- 22) can be regarded as a single-mode approximation for the anisotropic IQH state. As discussed in the introduction to the single-mode approximation, we start from the noninteracting Hamiltonian H 0 = αL z [the first term of Eq. (3)], which generates the isotropic IQH state Eq. (1) as its ground state. Our wavefunction analysis strongly encourage us to assume, in the spirit of the single-mode approximation, a model quadrupolar interparticle interaction V (i, j) = (z i −z j ) 2 ; i.e., H 1 = i<j V (i, j). The variational wavefunction Eq. (22) follows naturally as we discussed in the introduction. In the more formal formulation, we can write down a real interparticle interaction
The antiholomorphic contribution drops out after the usual LLL projection. Not surprisingly, the real form faithfully reproduces the angular dependence of the anisotropic component of the dipole-dipole interaction. In the straightforward generalization of the isotropic pseudopotential to the anisotropic case such a quadrupolar interaction is the leading correction. It thus remains to be explored how generic such a model anisotropic wavefunction can be for various interparticle interactions.
The single-mode approach allows us to write down a close form for the variational wavefunction, whose general properties can then be discussed in a quantitative manner. First of all, the rotational invariance of the wavefunction is broken, which means the total angular momentum of the state is no longer a good quantum number. In Fig. 5 we plot the continuous change of the expectation value of the total angular momentum △M = Ψ γ |L z |Ψ γ − M 0 as a function of the anisotropy parameter γ for N = 6. The plot provides a quick way to determine γ from △M calculated from exact diagonalization. The increase of Ψ γ |L z |Ψ γ with γ comes from the fact that the interaction anisotropy squeezes the otherwise circular droplet into an ellipse, as illustrated by the density profile in the inset (a) of Fig. 5 for γ = 0.01. Away from the edge, the droplet has the maximum density, as in the isotropic case. Note that the sign change of γ would rotate the ellipse by 90
• . Alternatively, one can show the density profile along x and y axes as in the inset (b) of Fig. 5 . Regardless of the elliptical shape, one can still write down the edge states for the anisotropic ground states as edge density fluctuations. In the same single-mode approximation framework, we can write down the edge states as the anisotropic ground state multiplied by symmetrical polynomials. Accordingly, one should observe the low-lying energy-level countings as 1, 1, 2, 3, 5, . . . for △M ≈ 0, 1, 2, 3, 4, . . . , respectively. These features have already been reported in the exact diagonalization calculation in Ref. 11 (Fig. 7) . It is worth pointing out that the variational wavefunctions in the single-mode approach also allows us to calculate additional properties of much larger systems by variational Monte Carlo simulation. all FQH wavefunctions. Apparently, Eq. (28) differs from Eq. (22) that we found earlier. However, the single-mode (or, more generically, independent-mode) approximation here echoes the geometric description 3 of quantum Hall states in that both quest for a (set of) variational parameter(s) that accounts for the correlation of electrons. It is, therefore, conceivable that for the IQH effect the two descriptions may be unified, at least for the IQH state with dipole-dipole interaction.
Not surprisingly, Eqs. (28) and (22) can be related by noticing
One thus concludes that the relative coordinate part of Ψ γ in Eq. (22) and its descendents, which are not generated by the dipole-dipole interaction, as we discussed in the wavefunction analysis. In fact, these terms vanishes for energetic reasons, as the expectation value of the one-body part the Hamiltonian Eq. (3) for Φ λ 0 is larger than that for Ψ γ . For generic edge confinement, the presence of exp[−λ ( i z i ) 2 /N ] in Φ λ 0 leads to larger total angular momentum L z and larger energy. In the planer geometry we consider here, one expects that the center-of-mass coordinate and relative coordinates can be decoupled, and the former will then be suppressed by the one-body contributions in the Hamiltonian. Therefore, we conclude that the unimodularly transformed wavefunction for the IQH case is consistent with the single-mode approximation of the anisotropic quadrupolar interaction.
V. SUMMARY
In summary, we study the evolution of the ground state wavefunction for an IQH droplet with anisotropic dipoledipole interaction. We perform the numerical anatomy of the ground-state wavefunction and confirmed that a variational wavefunction can be constructed in the single-mode approximation in the anisotropic IQH phase as in the generic treatment for correlated systems. We further argue that the singlemode approximation for the anisotropic interaction is consistent with the geometric description for the anisotropic IQH phase. The present study thus answers, from a different angle, how a certain perturbation (regarded as additional geometric degree of freedom) can be accounted for in the trial wavefunction (otherwise without a variational parameter) for a topological phase. It would be interesting to see such an understanding can apply to other type of interactions and other topological phases.
